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This article proposes an eﬃcient method for solving mechanics boundary value problems formulated for domains with
multiscale self-similar microstructure. In particular, composite materials for which one of the phases has a fractal-like
structure with scale cut-oﬀs are considered. The boundary value problems are solved using a ﬁnite element procedure with
enriched shape functions that incorporate information about the geometric complexity. The use of these shape functions
makes possible the deﬁnition of a unique, parametrically deﬁned model from which the solution for conﬁgurations with an
arbitrary number of scales can be derived. The proposed method is primarily useful for structures with a large number of
self-similar scales for which using the usual ﬁnite element method would be too expensive. In order to exemplify the
method, a 2D composite with fractal microstructure is considered and several boundary value problems are solved.
 2007 Elsevier Ltd. All rights reserved.
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The diﬃculties encountered when attempting to model the mechanical behavior of multiscale materi-
als/structures originate from two main sources: the complex geometry of the microstructure and the dif-
ﬁculty to pinpoint the constitutive behavior. The second issue is somewhat related to the ﬁrst as, in
many instances, the deformation leads to the self-organization of internal structure which, in turn, con-
trols the constitutive behavior on larger scales. A well-known example is metal plasticity in which the
complex evolution of the dislocation structure controls the constitutive response on the grain and poly-
crystal scale.
Whether produced by self-organization during deformation or pre-existing the process, the microstructure
has often a multiscale character and is frequently self-similar (either deterministic or stochastic self-similarity).
By this it is understood that the structure is hierarchical and the geometry appears similar from one scale to0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
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acterized by a fractional Hausdorﬀ dimension (Mandelbrot, 1983; Feder, 1988).
Multiple examples of materials with such properties can be given. Fractal-type hierarchical structure devel-
ops in almost all materials grown by diﬀusion limited aggregation (porous ﬁlms, dendritic structures, etc).
Other porous materials such as certain rock and concrete (Brunetto et al., 1999), bone (Majumdar et al.,
1999; Parkinson and Fazzalari, 2000), various types of tissue (Maksym and Bates, 1997), aerogels (Ma
et al., 2000; Marliere et al., 2001; Kjems and Posselt, 1988), have also been shown to have fractal microstruc-
tures. The fractal nature of the dislocation cell structure in FCC metals has been evidenced (Zaiser and Hah-
ner, 1999a).
Obviously, real materials exhibit self-similar geometry over a ﬁnite range of scales. For example, sandstone
exhibits a porous fractal-type structure over 3–4 orders of magnitude, from about 10 A˚ to 100 lm (Katz and
Thompson, 1985), while trabecular bone exhibits stochastic geometric self-similarity between about 10 lm and
1 mm in length scale (Majumdar et al., 1999).
Describing the mechanics of such materials is diﬃcult primarily due to the complexity of the geometry.
Usually, the complexity is represented as part of the boundary conditions, while the governing equations
remain those of the continuum. In principle, the problem is no diﬀerent than solving a boundary value prob-
lem for a homogeneous continuum. In practice, as the number of scales that need to be resolved increases, the
solution becomes very expensive.
Several attempts have been made to reformulate the ﬁeld equations using a non-Euclidean metric. Frac-
tional calculus, in the framework proposed by Kolwankar (1997), was used by Carpinteri and Chiaia
(1995) (see also Carpinteri et al., 2001, 2004a,b) in an attempt to model size eﬀects in deformation and
fracture processes in heterogeneous materials. It was assumed that the deformation is localized on the
fractal, so this type of approach is appropriate for situations in which the process (deformation) takes
place in the fractal space. Tarasov (2005a,b) proposed to replace the fractal body with a continuum
described by fractional integrals. He rewrote the balance equations describing dynamic processes taking
place on a porous mass fractal. The equations are rewritten for the equivalent ‘homogeneized’ continuum,
so the solutions are obtained in an average sense; no distinction is made, locally, between a material point
and a pore point. These formulations apply only to structures with an inﬁnite number of scales (embed-
ding a real fractal).
An approach that applies equally to microstructures with ﬁnite and inﬁnite number of self-similar scales is
based on seeking scaling properties for the homogenized moduli of the composite (inclusions/voids with self-
similar multiscale geometry embedded in a matrix). Oshmyan et al. (2001) studied composite materials con-
taining rigid inclusions/voids with distributions similar to the Sierpinski-like carpet. They used the ﬁnite ele-
ment method to determine the eﬀective elastic constants for the ﬁrst steps of the iteration and renormalization
group techniques to identify the scaling properties. The scaling exponents turn out to be functions of the frac-
tal dimension of the microstructure. Similar results were also obtained numerically by Poutet et al. (1996) for
porous media with pores having deterministic or stochastic fractal distribution, and theoretically by Dyskin
(2005) who applied the diﬀerential self consistent method (Salganik, 1973) for media containing self similar
distributions of spherical/ellipsoidal pores or cracks.
In this article we consider the deformation of a composite material composed of a matrix and inclusions
forming a self-similar object with a ﬁnite number of relevant scales. The matrix and the inclusions have dif-
ferent material properties. Boundary value problems are deﬁned on the largest scale and solved using a ﬁnite
element procedure that employs shape functions modiﬁed to account for the multiscale geometry of the
domain. Clearly, solving boundary value problems deﬁned on materials with multiscale microstructure is pos-
sible using regular continuum mechanics and FEM concepts (Oshmyan et al., 2001; Poutet et al., 1996; Pan-
agiatopoulos et al., 1992). However, when the microstructure has a large number of relevant scales, the
computational eﬀort becomes signiﬁcant. The procedure presented in this article makes the solution as
straightforward as the solution of a similar boundary value problem for a homogeneous material.
The article is organized as follows: few concepts from fractal geometry are reviewed in Section 2. The for-
mal deﬁnition of the problem, its variational form and the details of the numerical implementation are pre-
sented in Section 3. In Sections 4 and 5 the new shape functions and numerical results are presented and
discussed.
M.A. Soare, R.C. Picu / International Journal of Solids and Structures 44 (2007) 7877–7890 78792. Elements of fractal geometry
The fractal geometry developed from the ideas of Mandelbrot (1983) appears adequate to describe certain
types of multiscale hierarchical microstructures. We begin with a brief overview of few relevant notions.
Let us consider a one-dimensional example, the Cantor set. This set is a fractal embedded in 1D, say in the
interval A = [a,b], and is generated by the following geometric iterative procedure: the interval is divided in
three segments of equal length and the middle segment is excluded from the set (here we prefer to state that
a diﬀerent material type, the matrix material, is assigned to the middle segment). The procedure is repeated
with the end segments. Each such iteration, n, is identiﬁed with a ‘‘scale.’’ The sets generated from the ﬁrst
three iterations are shown in Fig. 1. In the present interpretation, the segment [a,b] becomes a composite com-
posed from two materials representing the fractal set, F, and the embedding material, A–F. It is said that the
conﬁguration produced in the nth iteration contains n relevant scales (as ‘‘inclusions’’ of n diﬀerent dimensions
are present in the microstructure). When n!1, the inclusions form a fractal set, F. The microstructure cor-
responding to a ﬁnite n may also be interpreted as the ‘‘scale n’’ approximation of the fractal F.
The Cantor set is neither discrete, nor continuum. It is compact (i.e. it is bounded and closed), perfect (i.e.
any point from F is the limit of a set of points from F) and disconnected i.e. (between any two points of F there
exists at least a point from A–F) (Barnsley, 1993; Falconer, 1985). The property of being disconnected may be
lost for fractals embedded in Euclidean spaces of dimension larger than one, however, they still have unusual
properties that situate them between the discrete and the continuum. They are compact and perfect (a char-
acteristic property of a continuum), but any open set from A includes at least an open set containing only
points from A–F, and the Euclidean dimension of F is zero (which is a characteristic of discrete systems).
The main characteristic of a fractal set is its dimension. Many such dimensions have been proposed (none-
theless, it is currently accepted that this measure is insuﬃcient to fully characterize the geometry). In this work
we use the box counting dimension. This dimension is determined by covering the set with segments of length,
where n is a natural number representing the iteration. In the ﬁrst iteration of the set in Fig. 1 one needs 2
segments of length (b  a)/3. In the nth iteration, Mn = 2n segments of length (b  a)/3n are needed, or
en = (b  a)/3n. Denoting by e0n ¼ en=ðb aÞ a non-dimensional coeﬃcient that goes to zero as the iteration
order increases, the box counting dimension, q, results from the identity Mn ¼ ðe0nÞqq ¼ logðMnÞ= logð1=e0nÞ ¼ logðMnÞ= log½ðb aÞ=en: ð1ÞIn the Cantor set case, q = log2/log3 is a real number smaller than the dimension of the Euclidean embedding
space. Note that the total length corresponding to the approximation of the set on scale n is
Ln ¼ Mnen ¼ ðe0nÞqen ¼ ðb aÞðe0nÞq (Falconer, 1985; Feder, 1988; Barnsley, 1993). Since the parameter e0n
is non-dimensional, Ln has the usual units (units of length) for any n, including for n!1.
The structures considered here are obtained as extensions through symmetry, in the d-dimensional space of
a one-dimensional fractal (random or deterministic) deﬁned along a given set of independent directions ej,
j = 1, . . . ,d of the embedding space. Let us call ej ‘‘principal directions’’ of the fractal structure. If the direc-
tional fractals are denoted by F j then a point x = (x1, . . . ,xd) belongs to F if at least one of the coordinates
xj 2 F j. Fig. 2 shows an example of such structure embedded in 2D. Cantor sets are deﬁned along the two
principal directions and the fractal set embedded in 2D is deﬁned such that point x = (x1,x2) belongs to F
if for both coordinates xj 2 F j, j = 1,2. The structures corresponding to the ﬁrst three iterations (n = 1, 2
and 3) are shown in Fig. 2. The self-similar component of the microstructure is denoted by Fn and itsFig. 1. The ﬁrst three steps of the iteration leading to a deterministic Cantor fractal set.
Fig. 2. The ﬁrst three steps in the generation of the Cantor-like composite plate. The Fn sub-domain is represented in white, while the
matrix An–Fn is represented in black.
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to other self-similar microstructures, provided the procedure by which the geometry is generated is known.
3. General formulation
Let us consider a quasi-static problem with no body forces formulated for the composite containing the
scale n approximation of the fractal. The governing equations for inﬁnitesimal deformations are given by1 TheijðuÞ ¼ ðuj;i þ ui;jÞ=2 on An; ð2aÞ
T kl;lðxÞ ¼ 0; k ¼ 1; 2; 3 on An; ð2bÞwhere e is the inﬁnitesimal strain tensor and T is the symmetric Cauchy tensor. Since the domain is a compos-
ite, traction continuity must be enforced at interfaces (non-sliding interfaces)ðT F nkl mlðxÞ  T AnF nkl mlðxÞÞjC ¼ 0; ð2cÞ
where C is a generic notation for the interface between An–Fn and Fn with normal m.
Let us also assume linear elastic behavior for both components of the microstructure (with diﬀerent elastic
moduli)eijðxÞ ¼ LnijklðxÞT klðxÞ on An: ð2dÞ
The index n on the compliance tensor indicates that L scales with the number of relevant scales considered.
The boundary conditions are deﬁned along the boundary of An, oAn, which is a smooth contour in the
embedding spaceui ¼ u0i on oAu; ð2eÞ
T ijmj ¼ t0i on oAt; ð2fÞwhere oAu [ oAt = oAn and oAu \ oAt = U.
To solve this boundary value problem, a form of the Hellinger–Reissner mixed variational method (Wash-
izu, 1982) is used. This requires that the solution (u,T)1 of the problem ((2a)–(2f)) is the unique critical point of
the functionalUðv; PÞ ¼ 1
2
Z
An
P ijLnijklP kl dx
Z
An
P ijeijðvÞdxþ
Z
An
eijðvÞLn1ijkleklðvÞdx
Z
Ct
uit0 dC ð3Þover the space of all vector ﬁelds satisfying the displacement boundary conditions: vijCu ¼ u0i ; with the prop-
erties
R
An
v2 dx < 1; RAn ½GradðvÞ2 dx < 1, and all stress ﬁelds P with the property RAn P2 dx < 1. It can be
shown that the variation of U with P leads to the constitutive equations (2d), while the variation of thee solution should be written formally {un,Tn}; the scale index n is omitted for simplicity.
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primal and dual principles because it allows better control of both displacement and stress ﬁelds, the last
one being discontinuous in certain directions at interfaces between the two materials.
The solution of the variational problem is obtained using a ﬁnite element procedure. The domain An is dis-
cretized in a ﬁnite number of elements An = ¨p=1,NAp, with a total number of M nodes. The solution is
approximated using a set of generic shape functions Nm(n), m = 1, . . . ,Mu for the displacement ﬁeld u (approx-
imated as u ¼Pm¼1;MuumNmÞ and a corresponding set of shape functions Mm(n), m = 1, . . . ,MT for the stress
ﬁeld T (approximated as T ¼Pm¼1;MTTmMmÞ. In the mixed variational formulation (3) both sets are used
simultaneously. As usual, this transforms the problem stated above into a system of linear equations for
the unknown coeﬃcients {um,Tm} and any ‘‘internal’’ parameters that may be built into the shape functions.
4. Shape functions
The standard ﬁnite element method requires the discretization to be ﬁner than the smallest relevant scale of
the microstructure, n, and each element to cover either a sub-domain from Fn or one from An–Fn. When n is
large, a large number of elements must be used and obtaining the solution becomes less and less practical as n
increases. To avoid this situation, we use a family of enriched shape functions that are constructed starting
from the geometry of the self-similar component of the microstructure. Let us consider the structure in
Fig. 2 and the function Sn of constant derivatives over Fn and An–FnoSnðxÞ=ox ¼ b=b if x 2 An–F n
oSnðxÞ=ox ¼ cn=b if x 2 F n

; An ¼ ½0; b: ð4ÞA modiﬁed staircase function S ¼ limn!1Sn emerges from Eq. (4) by taking the limit n!1. This function
plays for the domain containing the fractal Cantor set, F ¼ limn!1F n, the same role as the ﬁrst order polyno-
mial for domains deﬁned in the Euclidean space. Also note that higher order members of this family of func-
tions may be generated by using higher order derivatives in Eq. (4).
Explicitly, Sn:Fn [ {A–Fn}! R can be written as: Sn(0) = 0 andSnðxÞ ¼
SnðxiÞ þ bb ðx xiÞ if x 2 ðxi; xiþ1 and ½xi; xiþ1  An  F n
SnðxiÞ þ cnb ðx xiÞ if x 2 ðxi; xiþ1 and ½xi; xiþ1  F n
(
: ð5ÞThe functions S1, S2 and S3 corresponding to the ﬁrst three approximations of the Cantor dust in Fig. 1 are
shown in Fig. 3.
By construction, Sn(0) = 0. Since the shape functionmust take the value 1 at the other end of the domain, one
may write: 1 = Sn(b) = b + (2/3)
n(cn  b), which leads to a relationship between the two constants in Eq. (4):
cn ¼ ½ð3=2Þnð1 bÞ þ b: ð6ÞThe set of functions Sn is used in Section 5 to generate speciﬁc shape functions for structures embedded in 1D
and 2D.
Appendix A contains several integrals computed on the Cantor fractal set Fn and on its complement An–Fn,
having as integrands the unity functions 1F n and 1An–F n , respectively, the modiﬁed staircase function Sn and its
square S2n, restricted to Fn and to An–Fn, respectively. It is useful to observe that in all integrals (or their
approximation), the scale parameter n enters through the expressioncn ¼ ð2=3Þn: ð7ÞThis is used to great advantage when writing the variational form (3). It allows formulating and solving a sin-
gle parametric problem in terms of cn, from which the solution for any n can be obtained by a particularization
of the parameter. Thus even when the geometry becomes very complex with increasing n, the computational
expense stays constant.
The staircase functions Sn and the corresponding shape functions include a parameter b and for this reason
will be referred to further as Snb. This parameter is obtained as part of the solution and accounts for the fact
that the material constants corresponding to An–Fn and to Fn are diﬀerent.
Fig. 3. Approximation of the modiﬁed Lebesque–Cantor staircase function corresponding to the ﬁrst three iterations with n = 1, 2, and 3.
These functions are used to construct enriched shape functions for the ﬁnite element with microstructure discussed here.
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been used in the past. For example, Strichartz (1999, 2003) and Strichartz and Usher (2000) constructed shape
functions for a certain class of fractals (including the Sierpinski gasket) and used them to model wave prop-
agation and diﬀusion processes. In the context of modeling localization in 1D bars using fractal concepts,
Carpinteri et al. (2004a,b) used as shape function the Lebesque–Cantor staircase function. Further, the
authors proposed ﬁnite element shape functions constructed based on the staircase function for fractal struc-
tures (inﬁnite number of scales) embedded in multidimensional spaces.
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5.1. One dimensional boundary value problem
As a simple example consider a one-dimensional composite bar deﬁned over A = [0,b] and containing two
types of materials: one with a Cantor fractal geometry Fn and characterized by Young modulus E, and the
other ﬁlling the complementary space [0,b]–Fn and having Young modulus E0. The bar is ﬁxed at end
x = 0 while a traction t is applied at end x = b. The solution of the problem can be found using a ﬁnite element
procedure along the lines described above. A single element will suﬃce. The displacement is approximated
using the modiﬁed staircase function-based interpolation functions [Eq. (5)] asu ¼ uð1ÞN 1 þ uð2ÞN 2; with ð8Þ
N 1;N 2 : ½0; b ! R; N 1ðxÞ ¼ 1 SnðxÞ; N 2ðxÞ ¼ SnðxÞ ð9Þand u(1),u(2) being the nodal displacements. Due to the simplicity of the problem, the classical primal varia-
tional principle may be used in this case. The total potential energy readsU ¼ 1
2
Z
½0;b
T 11e11 dx tuðbÞ; ð10Þwhich may be rewritten using Eqs. (5), (8), and (9) and the displacement boundary condition u(1) = 0U ¼ 1
2
ðuð2ÞÞ2
Z
½0;b
E
cn
b
 2
1F nðxÞ þ E0
b
b
 2
1½0;bF nðxÞdðxÞ  uð2Þt: ð11ÞUsing the expressions of the respective integrals from Appendix A, the energy becomesU ¼ 1
2
ðuð2ÞÞ2b cnE cnb
 2
þ E0 bb
 2
ð1 cnÞ
" #
 uð2Þt; ð12Þwhere cn is given by (7). Minimizing U with respect to u
(2) and the internal parameter b leads tob ¼ E
E½1 cn þ E0cn and u
ð2Þ ¼ bt 1
E
cn þ 1E0 1 cnð Þ
 
: ð13ÞThe displacement ﬁeld (for the problem formulated on the nth approximation of F) results as u(x) = u(2)Sn(x)
which is the exact analytic solution.
As n!1, cn = (2/3)n! 0 and hence b! 1. Consequently, the ‘‘staircase function’’ becomes a straight line
[Eq. (5)]. The fractal volume decreases to zero, and thus the solution asymptotes to that for the homogeneous
bar of modulus E0.
5.2. Two dimensional boundary value problems
As a two-dimensional example we consider the structure shown in Fig. 2. The domain An containing the
hierarchical microstructure is represented by a square plate of side b. The embedding material (the matrix)
in the sub-domain An–Fn is shown in white. The fractal geometry is deﬁned by partitioning the two axes (ref-
erence frame) in Cantor sets (denoted by Fn1 and Fn2). The sub-domain Fn that results through this procedure
is shown in black.
The fractal box counting dimension of this structure can be evaluated by observing that the number of
square boxes of side b/3n needed to cover the fractal at iteration n, Fn, isMn = 2 2
n3n–22n. Then, one evaluates
the fractal dimension in 2D asq ¼ lim
n!1
logMn
logð3nÞ ¼ limn!1ðlog 2= log 3þ 1þ logð2 ð2=3Þ
nÞ= log 3nÞ ¼ log 2= log 3þ 1: ð14ÞBoth materials are considered linear elastic with elastic constants E, m for Fn and E0, m for An–Fn. Thus, the
compliance matrix can be written as
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EnðxÞ
1 m 0
m 1 0
0 0 2ð1þ mÞ
2
664
3
775;where En(x) = E if either x1 2 Fn1 or x2 2 Fn2 and En(x) = E0 otherwise. Both cases of stiﬀer (E0 > E) and more
compliant matrix material (E0 < E) are studied.
The plate is modeled with quadrilateral elements, each having four nodes. The shape functions for the dis-
placement ﬁeld approximated as ui ¼
P
j¼1;4u
j
iN j (or u = NX in matrix notation) are expressed in terms of the
modiﬁed staircase function Sn and readN 1ðx1; x2Þ ¼ ð1 Snbu
1
ðx1ÞÞð1 Snbu
2
ðx2ÞÞ;
N 2ðx1; x2Þ ¼ Snbu
1
ðx1Þð1 Snbu
2
ðx2ÞÞ;
N 3ðx1; x2Þ ¼ Snbu
1
ðx1ÞSnbu
2
ðx2Þ;
N 4ðx1; x2Þ ¼ ð1 Snbu
1
ðx1ÞÞSnbu
2
ðx2Þ:
ð15ÞAn index bu on Sn indicates that the respective shape function depends on an ‘‘internal parameter’’. Diﬀerent
parameters for each principal direction are used. At a point x = (x1,x2) with x1 2 F n1 and x2 62 F n2, one expects
the derivative of the shape function to depend on cun1 ¼ ½ð1 bu1Þ=cn þ bu1 in direction x1 and on bu2 in direction
x2. Similarly, if x1 62 F n1 and x2 2 F n2 , the derivative of the shape functions in direction x1 depends on bu1 and
the derivative in direction x2 depends on cun2 ¼ ½ð1 bu2Þ=cn þ bu2. If both x1 2 F n1 and x2 2 F n2 , the derivatives
of the shape functions will depend on cun1 and c
u
n2 in the two directions. In this example, by construction, the
fractal dimensions in both directions are the same: q1 = q2 = q = log(2)/log(3).
The approximation of the stress ﬁeld T ik ¼
P
j¼1;4T
j
ikMj (or T =MY in matrix notation) in the mixed var-
iational formulation should be selected such to fulﬁll equilibrium. For example, in plane stress one may useT 11
T 22
T 12
2
664
3
775 ¼
1 SnbT
1
ðx1Þ 1F n2 0 0 0 0
0 0 0 1 1F n1 SnbT
2
ðx2Þ 0
0 Sn
bT
2
ðx2Þ 0 0 0 Sn
bT
1
ðx1Þ 1
2
66664
3
77775
Y 1
..
.
Y 7
2
6664
3
7775; ð16Þwhere 1F ni is the unit function on the fractal set F ni . The shape functions for the stress ﬁeld depends on addi-
tional internal parameters bT.
Note that within each element, the tractions are continuous at interfaces between matrix and inclusions by
the construction of the interpolation functions. This fulﬁlls the restriction (2c) regarding the continuity of trac-
tions at all interfaces. As an alternative to the approximation (16) of the stress ﬁeld components, it is also pos-
sible, in certain circumstances, to approximate and discretize the Airy’s stress functions. This procedure is not
used in this work.
The functional of the mixed formulation can be expressed asU ¼ 1
2
YTAYþ XTBX YTCX XTT0; ð17Þwhere the following notations are used: N andM are the matrices representing the displacement and the stress
ﬁelds, respectively: u = NX, T =MY; A ¼ RAn MTLMx; B ¼ RAnðrNÞTL1ðrNÞdx; C ¼ RAn MTðrNÞdx and
T0 ¼ RCt NTt0C.
For example, the ﬁrst component of matrix B readsB11 ¼ 1
1 m2
Z
An
EðxÞN 21;1 dxþ
1
2ð1þ mÞ
Z
An
EðxÞN 21;2 dx: ð18aÞUsing the shape functions (15), the ﬁrst integral can be expressed as
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An
EðxÞN 21;1 dx ¼
Z
An
EðxÞ Sbu1;1
 2
1 Sbu2ðx2Þ
h i2
dx
¼
Z
F n2
1 Snbu
2
ðx2Þ
h i2
dx2
Z
F n1
E
cun1
b
 2
dx1 þ
Z
½0;bF n1
E
bu1
b
 2
dx1
 !
þ
Z
½0;bF n2
1 Snbu
2
ðx2Þ
h i2
dx2
Z
F n1
E
cun1
b
 2
dx1 þ
Z
½0;bF n1
E0
bu1
b
 2
dx1
 !
ð18bÞand with the integrals in Appendix A, this can be approximated further asZ
An
EðxÞN 21;1 dx ¼ ½cnd1 Ecncun12 þ Eð1 cnÞbu12
j k
þ ½d2  cnd1 Ecncun12 þ Eð1 cnÞbu12
j k
; ð18cÞwhere d1 ¼ 13þ
bu2
30
þ bu22
120
and d2 ¼ 310þ
bu2
40
þ bu22
120
.
Similarly, the second term in Eq. (18a) is estimated asZ
An
EðxÞN 21;2 dx ¼ ½cna1 Ecncun22 þ Eð1 cnÞbu22
j k
þ ½a2  cna1 Ecncun22 þ Eð1 cnÞbu22
j k
; ð18dÞwhere a1 ¼ 13þ
bu1
30
þ bu12
120
and a2 ¼ 310þ
bu1
40
þ bu12
120
.
Thus, the components of B depend exclusively on parameters bus and cn.
Similarly, all matrices in Eq. (17) depend on the elastic constants of the twomaterials, on all parameters b used
in the deﬁnition of the Cantor staircase functions and on cn. This allows for a unique formulation of deformation
problems expressed parametrically in terms of cn. Hence, as more scales are considered in themicrostructure, the
complexity of the formulation remains the same, although the complexity of the geometry increases rapidly.
The solution results by ﬁnding the stationary points of (17) with respect to the unknowns [X,Y], and the
internal parameters b. In this ﬁrst order approximation, there are four such internal parameters: two of them
(bu1 and b
u
2Þ characterizing the shape functions of the displacement ﬁeld [Eq. (15)], and two others, bT1 and bT2 ,
appearing in the expression of the shape functions of the stress ﬁeld [Eq. (16)]. Thus, the stationarity condition
for (17) leads to the nonlinear systemoU
oX
¼ 2Bðbu1; bu2; cnÞX CTðbu1; bu2; bT1 ; bT2 ; cnÞY T0ðbu1; bu2; cnÞ ¼ 0;
oU
oY
¼ AðbT1 ; bT2 ; cnÞY Cðbu1; bu2; bT1 ; bT2 ; cnÞX ¼ 0;
oU
obui
¼ XT oB
obui
X YT oC
obui
X ¼ 0; i ¼ 1; 2;
oU
obTi
¼ 1
2
YT
oA
obTi
Y YT oC
obTi
X ¼ 0; i ¼ 1; 2;
ð19Þwith restrictions imposed by the natural boundary conditions. Three traction-imposed boundary value prob-
lems for the composite plate in Fig. 2 are considered: uniaxial loading, shear and a more complex loading in
which stress gradients are imposed. In the uniaxial loading case, tractions are imposed in the e2 direction,
T(x1,b)n2 = t
0e2, where the applied force per unit length is t
0 = Eb while elsewhere along the boundary of
the plate traction free conditions are imposed. In the simple shear case, the boundary conditions on the four
faces areTn1jx1¼0
x1¼b
¼ t0e2jx1¼0
x1¼b
and Tn2jx2¼0
x2¼b
¼ t0e1jx2¼0
x2¼b
:All these boundary value problems are solved using the mixed formulation [Eqs. (3) and (17)] and a single
quadrilateral element with shape functions (15) and (16). This leads to the system (19). The stationary points
of this system can be found by standard numerical methods. An alternative approach is to simplify the system
by ﬁrst determining the variables Y in terms of X and the internal parameters bu1; b
u
2; b
T
1 ; b
T
2 from the second
equation, followed by expressing the parameters b in terms of X from the last equation. This would allow
re-writing the ﬁrst equation in terms of X only.
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tractions obtained for various ratios E0/E are presented in Figs. 4a, b and 5 (lines), for the uniaxial and shear
loading, respectively. The points represent solutions obtained with un-enriched shape functions, using a large
number of standard 4-noded ﬁnite elements. This solution was evaluated only for n 6 4 as the computational
eﬀort increases dramatically with n (the minimum number of elements required scales as 32n). Fig. 4c and d
show the stress ﬁeld component T22 due to uniaxial extension as predicted by the present model and the aver-
age values (over the fractal material and its complement) computed with usual ﬁnite elements for the respec-
tive scale n.
As n increases, the fractal inclusions become ﬁner and ﬁner and their contribution to the overall solution
decreases. Both solutions, the one obtained with classical elements and the present one, converge to the solu-
tion for the plate with no inclusions in the limit n!1. Hence, the error evaluated based on these two ﬁelds
decreases with n. A more stringent test of the method is to evaluate the error in a diﬀerent quantity: the dif-
ference between the solution for the fractal plate and that for the plate with no inclusions. Let us denote this
quantity by D. For example, if the evaluated quantity is the displacement ﬁeld in the e1 direction,
D ¼ uðnÞ1  uð1Þ1 . The error in D evaluated using the method presented here relative to the solution obtained
with classical ﬁnite elements is denoted by Err(u1) = |(D
classical FEM  Dcurrent method)/Dclassical FEM|.Fig. 4. Displacement in the horizontal (a) and vertical (b) directions (normalized by the un-deformed plate width b) of the plate in Fig. 2
loaded in uniaxial tension (see inset), versus the order n of the approximation of the fractal microstructure (scale). Figures (c) and (d)
represent the constant stress components in the e2 direction acting on the matrix and fractal material, respectively. The results (lines) are
compared with the average values of the same components obtained with un-enriched ﬁnite elements (symbols). The normalization
constant is T0 = t
0/b, where t0 is deﬁned in text. Each plot contains an inset showing the evolution of the error Err (see text for deﬁnition)
with the scale index n.
Fig. 5. Shear strain evaluated for the composite plate in Fig. 2 subjected to simple shear, versus the order n of the approximation of the
fractal microstructure. The lines represent the solution obtained with the present method, while the symbols represent the solution
obtained using the classical ﬁnite elements. The inset represents the evolution of the error Err (see text for deﬁnition) with n.
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signiﬁcant at small n, the error decreases with n. For example, in the case of simple tractions, the error Err
corresponding to the displacement in the loading direction of the loaded end of the plate decreases from
approx 10% to 7% if E0 = 2E, and from approx 8% to 5% if E0 = 0.5E when n increases from 2 to 4.
In the more complex loading case, tractions that vary linearly along two opposing plate sides are imposedTn1jx1¼0
x1¼b
¼ t0½ðx1=bÞe1  ðx2=bÞe2; Tn2jx2¼b ¼ t0e1:As before, the problem is solved using the mixed formulation. Clearly, a model with a single element covering
the whole domain An cannot be used in this case since gradients are present on all scales, including the largest,
while the enriched shape functions are the equivalent of the linear ones in the usual ﬁnite elements. To mitigate
this discrepancy, the plate was discretized using 3 · 3 elements. While increasing the number of elements, it is
still necessary to reproduce the geometry of the microstructure. More precisely, as more elements are used, one
introduces in the model a scale above which the geometry is represented in an explicit fashion, while below it is
represented implicitly by the shape functions. This requires that the elements used in this discretization should
be of diﬀerent type. The central region of the plate is made of matrix material only and hence classical elements
can be used there. In the other regions, elements with fractal microstructure in one direction only, and in both
directions are used. The elements with bi-directional fractal microstructure (to be used in the corner regions of
the plate) are similar to those discussed above. The elements with uni-directional fractal microstructure have
shape functions given byN 1ðx1; x2Þ ¼ ð1 Snbu
1
ðx1ÞÞð1 x2Þ;
N 2ðx1; x2Þ ¼ Snbu
1
ðx1Þð1 x2Þ;
N 3ðx1; x2Þ ¼ Snbu
1
ðx1Þx2;
N 4ðx1; x2Þ ¼ ð1 Snbu
1
ðx1ÞÞx2
ð20Þfor the displacement ﬁeld andT 11
T 22
T 12
2
64
3
75 ¼
1 Sn
bT
1
ðx1Þ x2 0 0 0 0
0 0 0 1 1F n1 x2 0
0 x2 0 0 0 SnbT
1
ðx1Þ 1
2
664
3
775
Y 1
..
.
Y 7
2
664
3
775 ð21Þfor the stress ﬁeld.
Fig. 6. Deformation of the multiscale plate in Fig. 2 subjected to tractions Tn1jx1¼0
x1¼b
¼ t0½ðx1=bÞe1  ðx2=bÞe2; Tn2jx2¼b ¼ t0e1. The vertical
axis represents the normalized values of the total displacements at the corners of the plate (the normalization constant is the un-deformedplate
width, b). The horizontal axis represents the order of the fractal approximation, n. The lines represent results obtained with the method
discussed here and using 3 · 3 elements. The symbols represent results obtained using a ﬁne discretization and classical ﬁnite elements.
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of the plate corners as shown in the inset to Fig. 6. The values are reported for various plate geometries cor-
responding to n > 2, for the case when the fractal material is two times more compliant and two times stiﬀer
than its complement. These data are compared with the results obtained using un-enriched shape functions
and a ﬁne discretization (symbols). The error is determined by two main sources that, to some extent, play
against each other as the number of elements in the model increases. On the one hand, using a ﬁner discret-
ization leads to improved accuracy, as usual. On the other, since the total energy is computed as the sum of the
strain energies of all elements, the overall error induced by the approximation of the integrals in the energy
functional (Appendix A) for ﬁnite n increases with the number of elements in the model. Due to this interplay
of factors controlling the numerical accuracy, the error Err does not decrease with n, rather it ﬂuctuates about
a constant value. When the plate is discretized with 3 · 3 elements, the error corresponding to n = 2 is
Err(u1) = 5.7%, Err(ju2j) = 29%, Err(u3) = 10% for E0 = 2E, and Err(u1) = 16.5%, Err(ju2j) = 6%,
Err(u3) = 8.7% for E0 = 0.5E (see the inset to Fig. 6 for the deﬁnition of u1, u2 and u3).
6. Discussion and conclusions
In this article we propose an eﬃcient approach to solve boundary value problems on domains with complex
microstructure structured on multiple scales. The main interest is in conﬁgurations in which the microstructure
geometry is self-similar from scale to scale over a range of scales. An upper and a lower cut-oﬀ scales exist.
Solving such problems using standard FEM for any arbitrary scale may become too expensive. Thus, we for-
mulated a unique, parametrically deﬁned boundary value problem by using a particular type of enriched shape
functions that capture the complexity of the geometry. Once this problem is formulated, solutions for all reﬁne-
ment levels can be obtained at no additional computational cost.
The analysis presented here considers linear elastic behavior of the matrix and the fractal materials. The
elastic constants of the two constituents were kept as parameters. Hence, the procedure applies also in the limit
of porous microstructures with pores of multiple dimensions. Furthermore, the linear elasticity assumption is
not a limitation. In principle, any constitutive equation can be considered for the constituents. The theory can
be formulated for composites with more than one type of inclusion, provided the scaling properties of the con-
stituents (F domain) are known.
A limitation of the development stems from the nature of the multiscale structure considered. In the exam-
ples presented for 2D embedding spaces, the geometry is constructed starting from the Cantor set, i.e. a fractal
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the reference frame (principal) directions and depends exclusively on the position along the respective axis.
These fractal dimensions do not change during deformation.
Finally, the numerical solution of these equations requires the introduction of a new type of shape function
that represent the multiscale nature of the microstructure. This was used to develop a family of new elements,
which were implemented in a commercial ﬁnite elements package.Appendix A
Let us construct the piecewise linear function Sn:[0,b]! R with a slope b/b outside the Cantor segments
and cn/b on the fractal segments as given by the expression (5), wherecn ¼ ½ð3=2Þnð1 bÞ þ b: ðA:1Þ
The relevant integrals computed over Fn areZ
F n
1F nðxÞdx ¼
X
i¼0;2n1
Z x2iþ2
x2iþ1
1dx ¼ b 2
3
 n
Z
F n
SnðxÞdx ¼
X
i¼0;2n1
Z x2iþ2
x2iþ1
Sn dx ¼ b 1
2
2
3
 n
ðA:2Þ
Z
F n
S2nðxÞdx ¼ b
2
3
 n 1
3
þ b
30
þ b
2
120
 
 b
30
1
9n
þ b2 1
30
1
9n
 1
24
2n
27n
 
 bcn 1
3
þ b
30
þ b
2
120
 
Z
½0;bF n
1½0;bF nðxÞdx ¼
X
i¼0;2n1
Z x2iþ2
x2iþ1
1dx ¼ b 1 2
3
 n 
Z
½0;bF n
SnðxÞdx ¼ b 1
2
1 2
3
 n 
Z
½0;bF n
S2nðxÞdx ¼ b
3
10
þ b
40
þ b
2
120
 2
3
 n
1
3
þ b
30
þ b
2
120
 
 1
30
1
6n
þ b 3
40
1
9n
 1
15
1
6n
 
þb2 1
30
1
6n
 3
40
1
9n
þ 1
24
2n
27n
 
 b 3
10
þ b
40
þ b
2
120
 cn 1
3
þ b
30
þ b
2
120
  
:It may be observed that all these integrals depend linearly on the scale parameter cn = (2/3)
n [Eq. (7)].
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